We show that the quantum corrected string Bethe ansatz passes an important universality test by demonstrating that it correctly incorporates the non-analytical terms in the string sigma model one-loop correction for rational three-spin strings with two out of the three spins identical. Subsequently, we use the quantum corrected string Bethe ansatz to predict the exact form of the non-analytic terms for the generic rational three-spin string.
Introduction
The discovery of integrable structures governing the spectrum of N = 4 SYM [1] [2] [3] as well as that of type IIB superstrings on AdS 5 × S 5 [4, 5] has shifted the focus away from the dilatation operator of the gauge theory respectively the string Hamiltonian towards that of the S-matrices of the underlying integrable models [6] .
On the N = 4 SYM side the relevant S-matrix has been determined in perturbation theory to three-loop order in certain sectors [6] and a conjecture for an all sector, all loop S-matrix exists [7] . In addition, S-matrix techniques have proved useful for the study of various generalizations of the gauge theory [8, 9] . Due to our current inability to quantize the string theory on AdS 5 × S 5 the S-matrix underlying the integrable structures on the string theory side is less well understood. Based on input from pp-wave physics as well as various semi-classical analyses it has been proposed that the string theory S-matrix differs from the gauge theory one only by a phase factor, expressible in terms of certain conserved charges [10, 6, 7] , see also [11, 12] .
The most general possible form of the phase consistent with integrability and respecting the symmetries of N = 4 SYM reads [8] θ(p k , p j ) =
where c r,s = 0 unless r + s is odd. Here, q r (p k ) is the contribution to the r'th conserved charge from the k'th excitation and λ is the 't Hooft coupling constant. With c r,s = δ s,r+1 the above string S-matrix gives rise to the correct continuum Bethe equations describing the motion of classical strings on AdS 5 × S 5 [13] [14] [15] [16] [17] [18] and describes correctly strings in the BMN-limit [19] and the near BMN-limit [20] . In particular, this string S-matrix accounts for the observed three-loop discrepancy between gauge theory and string theory [21] [22] [23] . In all of these instances the string energies are analytic in λ. String sigma model one-loop corrections, however, lead to half-integer powers of λ appearing in the expressions for energies of spinning strings [24] [25] [26] . It was suggested that these could be accommodated in the string Bethe ansatz by assuming c r,s to have an expansion in half-integer inverse powers of λ, i.e. [26] 
Here, the first 1/ √ λ correction term should be enough to account for the string sigma model one-loop correction. This idea was tested for strings dual to gauge theory operators in respectively the su(2) sector at half-filling and the sl(2) sector [26, 27] . Whereas the su(2) case did not fix the corrections to the coefficients c r,s uniquely, the study of the sl(2) sector did and lead to a conjecture for δc r,s [27] . As the quantum string Bethe ansatz conjecture implies that the dressing factor should be universal [7] , it is important that the coefficients δc r,s be the same for all sectors. In the present paper we show that the quantum string Bethe ansatz passes an important universality test by demonstrating that string sigma model one loop corrections in the su(3) sector, i.e. for strings with three large angular momenta on S 5 ⊂ AdS 5 × S 5 , also uniquely fix the δc r,s and that to values coinciding with the conjectured ones.
The paper is organised as follows. In section 2 we formulate the quantum corrected string Bethe ansatz for strings with three large angular momenta on S 5 and use it to derive the first non-analytical contributions to energies of rational three-spin strings. Subsequently, in section 3 we determine the non-analytical corrections by a one-loop string sigma model calculation for the case of a three-spin string with two out of the three spins identical. Matching the two results we in section 4 uniquely determine the coefficients δc r,s in the quantum corrected string Bethe ansatz. We furthermore use these results to predict the string sigma model one-loop corrections for rational three spin strings with arbitrary values of the three angular momenta and the two possible winding numbers. Finally, section 5 contains our conclusions.
2 Non-analytic corrections from the string Bethe ansatz
The conjectured string Bethe ansatz [7] does not in general allow one to treat the su(3) sector as closed but rather demands that one considers the larger su(2|3) sub-sector. However, as we are interested in studying spinning strings we will always be working in the thermodynamical limit where the su(3) sector is effectively closed [28] .
In the thus effectively closed su(3) sector one has two types of Bethe roots with filling fractions α and β related to the angular momentum labels of the string by
where J is the length of the spin chain. The thermodynamical limit of the proposed string Bethe equations read
with ρ 1 (ϕ) and ρ 2 (ϕ) being the densities of Bethe roots with filling fractions α and β respectively. In the case of rational three spin strings the potentials are
where m and n are integers and where the charges are given by
Here we have used the notation
The string Bethe equations have to be supplemented by the level matching condition
What we are interested in determining is the leading non-analytical contributions to the string energy, i.e.
It is easy to see that with the ansatz (3) for the coefficients c r,s the corrections δc r,s will for finite ω be of the same order as the leading finite size effects studied in [29] (and for the su(2) and sl(2) sector in [30] [31] [32] ). As the leading finite size corrections are analytical in λ we, however, do not need to worry about mixing of the two effects and can safely ignore the finite size corrections. Using a similar trick as in [29] we can turn the above relations into a quadratic and a cubic equation. Let us introduce the resolvents
which have the following behaviour as ϕ → ∞
The quadratic and cubic equations can then be written as
Let us denote the negative moments of the root distributions as Q i and P i , i.e.
From simply integrating over ϕ in (5) we find
Expanding the cubic and quadratic equation for large and small values of ϕ allows us to determine the resolvents perturbatively in the coupling, ω. The cubic equation at infinity gives Q 2 in terms of the moments Q i and P i . (The quadratic equation at infinity is redundant as it is equivalent to the momentum condition.) The moments are obtained by first eliminating Q 1 using the momentum constraint and next using the quadratic and cubic equation interchangeably to determine P i and Q i . The algorithm obviously works for any values of α, β, m and n, i.e. for any rational three-spin string, but for simplicity we shall present the result only for the case where two out of the three angular momenta of the string are equal 3 . Thus, let us specialize to the case
where k is now the single remaining winding number of the string. Using the above discussed expansions of (15) and (16) we find the following non-analytic contribution to the energy
3 Non-analytic corrections from a string sigma model one loop calculation
The string sigma model one-loop correction has only been explicitly worked out for two classes of classical string solutions. One class is rational two-spin strings with one large momentum on S 5 and one on AdS 5 , dual to operators in the sl(2) sector of the gauge theory [33] . The other class is rational three spin strings with three large angular momenta on S 5 , two of them being identical [34, 35] . In the present paper we shall consider the latter case denoting the three spins as (J 1 , J 2 , J 2 ) and the sum of these as J . (When J 1 vanishes this case reduces to two-spin strings dual to operators in the su(2) sector at half-filling.) The one-loop energy receives contributions from fluctuations in the bosonic (B) as well as the fermionic (F) fields both in the S 5 and in the AdS 5 part of the space and takes the form [34, 35] 
where κ relates world-sheet and the AdS 5 time as t = κτ . Here ω is the absolute value of the frequencies 6 . The contributions to ω B from fluctuations in the S 5 directions are given by the roots of the polynomial
where Ω = ω 2 and
and ν is given by
We have introduced α to denote the fraction 2J 2 /J . The strings we consider are localized at the center of AdS 5 and the bosonic frequencies associated with fluctuations in that part of the space therefore take the simple form
The fermionic frequencies mix fluctuations in S 5 and AdS 5 and are given by the roots of the polynomial 
The expression for the one-loop energy shift (21) is convergent, the constituent bosonic and fermionic sums are, however, divergent. Rearranging the sums taking into account that they individually diverge (21) can be rewritten as in [35] 
The sum is again convergent. However, the individual terms in the 1/J -expansion are divergent. A way to get around an artificial regularisation of the sum is to split the one-loop correction as follows [26, 37] .
where the last part is equal to the divergent part of the expanded sum and encodes the non-analytic contribution. It can be computed, following the procedure in [26] ,by first making the rescaling n = J x, then expanding in 1/J and finally integrating over the regular part of the obtained expression. The computations can be simplified setting the winding number, k, to one. It is always possible to, in the end, restore it by rescaling the variables as
Setting k = 1, rescaling n and expanding we find
We are able to go a few orders higher in the expansion (cf. eqn. (32)) but we omit those terms above as the expressions become very involved. The singular part of the above expression is
Integrating the regular part and restoring the k-dependence we find
We notice that the integral of the two first terms in the expansion (30) vanish upon integration. A similar situation is encountered in the case of strings dual to operators in the sl(2) sector [26] .
Determination of the coefficients
Comparing the two obtained expressions for the non-analytic contribution the string energy, (32) and (20) 
Assuming now the conjecture to be true one can, using the results of section 2, predict the non-analytical contributions to the energies of rational three-spin strings with arbitrary angular momenta (J 1 , J 2 , J 3 ) = J (1 − α, α − β, β) and winding numbers (m, n). The result for the leading correction reads
Conclusion
We have performed an important universality test of the conjectured quantum corrected string Bethe ansatz by demonstrating that the study of string sigma model one-loop corrections for rational three-spin strings uniquely determines the coefficients δc r,s to the same values as those found for the sl(2) sector in [27] 8 . Amazingly, despite the nonclosure of sub-sectors of the quantum string theory, a relatively simple dressing factor is capable of accounting for at least the lowest order quantum effects. While the explicit form of the one loop corrected dressing phase does not unambiguously explain the threeloop discrepancy between gauge theory and strings it does leave open the possibility that the discrepancy would be resolved by a full quantum string computation. Earlier ideas to explain the discrepancy via so-called gauge theory wrapping interactions now seem to be ruled out [39, 40] . Obviously, we are in need for progress on the quantization of the string theory. Recently, an alternative formulation of a quantum string Bethe ansatz for certain sub-sectors has been proposed, based on an investigation of the AdS 5 × S 5 superstring in light cone gauge [41] . Furthermore, interesting works addressing the string quantization procedure via the study of various integrable sigma-models in two dimensions have appeared [42] [43] [44] . With our universality check we have provided evidence that any S-matrix resulting from such studies should reproduce not only the classical string Bethe ansatz but also include the one-loop correction term.
